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It  i s  a w e l l - k n o w n  fac t  t ha t  the  d e t e r m i n a t i o n  of the  e x a c t  b o u n d a r y  c ond i t i ons  fo r  the  equa t i ons  of hy-  
d r o d y n a m i c s  e n t a i l s  the  so lu t ion  of the B o l t z m a n n  k i n e t i c  equa t ion  in a Knudsen  l a y e r  [1-4].  

In  t h i s  l a y e r  the d i s t r i b u t i o n  func t ion  can  be sought  a s  the s u p e r p o s i t i o n  of the E n s k o g  func t ion  and a 
func t ion  s a t i s f y i n g  the  l i n e a r i z e d  B o l t z m a n n  equa t ion  [4]. 

We d e m o n s t r a t e  th i s  fac t ,  u s i n g  the m e t h o d  of m a t c h e d  a s y m p t o t i c  e x p a n s i o n s  [5]. 

C o n s i d e r  the  b o u n d a r y - l a y e r  f low p r o b l e m  [6]. The d i m e n s i o n l e s s  B o l t z m a n n  equa t ion  has  the  f o r m  

-- 8/ 8! 
V K  cy ~ 4- Kcx ~ = Y (!, 1) (1) 

H e r e  K = l / L  i s  the  Knudsen  n u m b e r ,  K<<I,  l i s  the m e a n  f r e e  path ,  L i s  the c h a r a c t e r i s t i c  s c a l e  of the 
body,  c i s  the  m o l e c u l a r  ve loc i t y ,  and 

J (i, ]) = f (1']1' - 1]1) gb db d~ de1 

In the Knudsen  l a y e r  we i n t r o d u c e  the fo l lowing  t r a n s f o r m a t i o n  of the n o r m a l  c o o r d i n a t e  y: 

m = y/V-K (2) 

We then  ob ta in  

8! 0! c, ~ + Kcx ~ = ] (/,/) (3) 

Let  u s  a s s u m e  tha t  a t  Yt = 0 the  func t ion  f s a t i s f i e s  the d i f fus ion  l aw of  r e f l e c t i o n  of m o l e c u l e s  f r o m  
the w a l l  

IH (cy) = (n~l~'/ge -~" (4) 

H e r e  H (Cy) i s  the  H e a v i s i d e  func t ion  

H(cu)=l ,  %>0;  H(cu)=0, c~<0  

We s e e k  the  so lu t ion  in  both  d o m a i n s  a s  s e r i e s  on ( K .  The  o u t e r  e x p a n s i o n  i s  

F (x, y, c) = F (~ + 1/~F(1) -}- �9 �9 �9 

The  i n n e r  e x p a n s i o n  i s  

/ (x, yl, r = ](0) + 1/~/(1) + . . .  

We f ind  the  s p l i c i n g  cond i t i ons  f o r  e x p a n s i o n s  (5) and (6): 

rio) (m - '  ~) = F(~ (x, O, c) 
](1) (Yl ~ oo) = F (1) (x, 0, c) Jr- yl (OF(~ 

F o r  the  func t ion  f(0) we deduce  the  equa t ion  
% (o](o)/syO = y (/(o), j(o)) 

(5) 

(6) 

(7) 
(8) 

(9) 
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This  equation,  subject  to the boundary condi t ions  (4) and (7), has  a unique so lu t ion  [7] 

](0) ~ F(0) (x, 0, c) = ( n ~ / ~  '/~) e - ~  

In the n e x t - h i g h e r  approx imat ion  for  the funct ion f(1) w e  have 

cu (of(1)/Oyz) = ] (j(0), jO)) 4_ j (/(~) 1(0)) 

We in troduce  the s u p e r p o s i t i o n  

We then obtain 

](1) = F(t)  (x, 0, c) ~- yl (OF(~ ~ ](0)q) (x, Yl, c) 

(10) 

(11) 

(i2) 

(OT/Oyl) : ~ It ~ (qV + ~1' -- ~ -- (P1) gb db ds del cy 
(13) 

(y~ ~ or = 0, /(0)T (z, 0, c) H (cu) = - #1) (x, 0, c) (14) 

F r o m  the s e c o n d - a p p r o x i m a t i o n  equat ion  w e  find f o r  the outer  f low that 

F (l) (2, 0, [~) = ](0) (q)E(0) ~_ rt(1) (0) ~- cU (1) (0) T (1) (c 2 - -  3/2)) (15 )  

H e r e  ~E i s  the E n s k o g  funct ion [8]. 

The l i n e a r i z e d  B o l t z m a n n  equat ion  (13) subject  to the boundary condi t ions  (14) has a unique so lut ion  [9]. 
A n u m e r i c a l  r e s u l t  has been  obta ined in [10]. 

We now c o n s i d e r  an a p p r o x i m a t e  m e t h o d  for  the e x p a n s i o n  of  the f~_nction (for s l ip  f low) in h a l f - s p a c e  
p o l y n o m i a l s  of the v e l o c i t i e s  [11-14]  

A f t e r  in tegra t ion  of  E q. (13) o v e r  the v e l o c i t i e s  w e  obtain a s e t  of equat ions  wi th  constant  c o e f f i c i e n t s  

(17) 

[14]: 

dyl 2 
dao + ]fl~ dal :t= 
dyl 2 ~ dyt 

d~l• - + (ao + -- ao-) - ~  ___+ (al § + al-) I, 
dyi 

~ ( a o * - - a o - ) - ~  -L(al+ +al - ) -~ - -  -4- (ai+ - -  a l - ) - ~  
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The solut ion of (17) sa t i s fy ing  condi t ions  (14) has the f o r m  

ao -+- = b o d:e-aYt~ a l  ~ = bl+-e"~y, 

The cons tan t s  b~ and bl* a r e  d e t e r m i n e d  f r o m  the boundary  condit ions,  and ~ > 0 is found f r o m  the 
s y s t e m  (17). 

At the ou te r  boundary  of  the Knudsen  l a y e r  (Yl "*~)  the solut ion is cont inuous.  

This  r e su l t  is  a consequence  of r e l a t i on  (12). 

Consequent ly ,  the appl ica t ion  of  the method  of h a l f - s p a c e  momen t  expans ions  he re  is c o r r e c t  (see 
[11-13]).  

The va lues  of the quant i t ies  I i th rough  14 f o r  h a r d - s p h e r e  m o l e c u l e s  have been obtained ana ly t i ca l ly  
in [41. 

The proposed computation technique can be extended to a broader class of potentials. 

In pa r t i cu l a r ,  f o r  p o w e r - l a w  in t e r ac t i on  

it can  be shown that  

F o r  example ,  

p = x /P  

s--5 
I~ = tj (s), s - 2 (s - t~ 

.& (S) 
I S(S)=[c xs ignc v , c x c u ] = - 4 l / - 2 F ( t _ S )  ~' 

c o  

2t 1. (kT / z) 21 (s-l) A2 (s) = f (t -- c0s 2 X) pdp 
E-- pV -- 2 s+In~A~(s) ' 

H e r e  r is the g a m m a  function, and 

(18) 

(19) 

(20) 

1 
% + (2 - 0 (6 + as) 

t s (2 -- t)'l, (I -- t) s+'l' dt J2 (S) 
d 

O 

The va lues  of Ii, 12, I3, and I 4 w e r e  d e t e r m i n e d  by n u m e r i c a l  in tegra t ion  (for S = 5  to 100). The f o r m  of 
the cu rve  fo r  the sl ip f a c t o r  [ (S) 

Ou (o) 
u (1)=~(s)x Oy (21) 

i s  shown in Fig .  1. The ca lcu la t ion  was  c a r r i e d  out with m a x i m u m  0.2% e r r o r .  

The dependence  ~{S) is shown in Fig .  2. It  is  evident  that  within the computa t iona l  e r r o r  l imi t s  the 
funct ion ~(S) is v e r y  nea r ly  l inear .  The va lues  of ~(S) f o r  S = 0  and S = 0 . 5  a r e  c lose  to e a r l i e r - p u b l i s h e d  r e -  
sul ts  [ii, 13, 14]. 

The ve loc i ty  prof i le  in the Knudsen  l a y e r  

U = y / X + v ( s ) e - ~ V  +~(s), u~U~.(Ou/Oy), s = 5 ,  t00, c~ 

i s  i l l u s t r a t ed  in F ig .  3. 

In o r d e r  to ve r i fy  the c o n v e r g e n c e  of  the method  it is advisab le  that s e v e r a l  h ighe r  app rox ima t ions  be 
ana lyzed  fo r  ~0*. 

The va lues  of  I 1 IS) th rough  I~ (S) can be used  in o the r  l i nea r  p r o b l e m s  (such a s  Couet te  o r  Po i seu i l l e  
flow). 
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